We prove the Minimum Vertex Cover problem to be NP-hard to approximate to within a factor of 1.3606, extending on previous PCP and hardness of approximation technique. To that end, one needs to develop a new proof framework, and borrow and extend ideas from several fields.
A proof that some optimization problem is NP-hard, serves as an indication that one should relax the specification. A natural manner by which to do so is to require only an approximate solution -one that is not optimal, but is within a small factor C > 1 of optimal. Distinct optimization problems may differ significantly with regards to the optimal (closest to 1) factor C opt to within which they can be efficiently approximated. Even optimization problems that are closely related, may turn out to be quite distinct with respect to C opt . Let the Maximum Independent Set be the problem of finding, in a given graph G, the largest set of vertices that induces no edges. Let the Minimum Vertex Cover be the problem of finding the complement of this set (i.e. the smallest set of vertices that touch all edges). Clearly, for every graph G, a solution to Minimum Vertex Cover is (the complement of) a solution to Maximum Independent Set. However, the approximation behavior of these two problems is very different, as for Minimum Vertex Cover the value of C opt is at most 2 [Hal02, BYE85, MS83] , while for Maximum Independent Set it is at least n 1−ǫ [Hås99] . Classifying approximation problems according to their approximation complexity -namely, according to the optimal (closest to 1) factor C opt to within which they can be efficiently approximated-has been investigated widely. A large body of work has been devoted to finding efficient approximation algorithms for a variety of optimization problems. Some NP-hard problems admit a polynomial-time approximation scheme (PTAS), which means they can be approximated, in polynomial time, to within any constant close to 1 (but not 1). Papadimitriou and Yannakakis [PY91] identified the class APX of problems (which includes for example Minimum Vertex Cover, Maximum Cut, and many others) and showed that either all problems in APX are NP-hard to approximate to within some factor bounded away from 1, or they all admit a PTAS.
The major turning point in the theory of approximability, was the discovery of the PCP Theorem [AS98, ALM + 98] and its connection to inapproximability [FGL + 96] . The PCP theorem immediately implies that all problems in APX are hard to approximate to within some constant factor. Much effort has been directed since towards a better understanding of the PCP methodology, thereby coming up with stronger and more refined characterizations of the class NP [AS98, ALM + 98, BGLR93, RS97, Hås99, Hås01]. The value of C opt has been further studied (and in many cases essentially determined) for many classical approximation problems, in a large body of hardness-of-approximation results. For example, computational problems regarding lattices, were shown NP-hard to approximate [ABSS97, Ajt98, Mic, DKRS03] (to within factors still quite far from those achieved by the lattice basis reduction algorithm [LLL82] ). Numerous combinatorial optimization problems were shown NP-hard to approximate to within a factor even marginally better than the best known efficient algorithm [LY94, BGS98, Fei98, FK98, Hås01, Hås99] . The approximation complexity of a handful of classical optimization problems is still open, namely, for these problems, the known upper and lower bounds for C opt do not match.
One of these problems, and maybe the one that underscores the limitations of known technique for proving hardness of approximation, is Minimum Vertex Cover. Proving hardness for approximating Minimum Vertex Cover translates to obtaining a reduction of the following form. Begin with some NP-complete language L, and translate 'yes' instances x ∈ L to graphs in which the largest independent set consists of a large fraction (up to half) of the vertices. 'No' instances x ∈ L translate to graphs in which the largest independent set is much smaller. Previous techniques resulted in graphs in which the ratio between the maximal independent set in the 'yes' and 'no' cases is very large (even |V | 1−ǫ ) [Hås99] . However, the maximal independent set in both 'yes' and 'no' cases, was very small |V | c , for some c < 1. Håstad's celebrated paper [Hås01] achieving optimal inapproximability results in particular for linear equations mod 2, directly implies an inapproximability result for Minimum Vertex Cover of 7 6 . In this paper we go beyond that factor, proving the following theorem: Theorem 1.1 Given a graph G, it is NP-hard to approximate the minimum Vertex Cover to within any factor smaller than 10 √ 5 − 21 = 1.3606....
The proof proceeds by reduction, transforming instances of some NP-complete language L into graphs. We will (easily) prove that every 'yes'-instance (i.e. an input x ∈ L) is transformed into a graph that has a large independent set. The more interesting part will be to prove that every 'no'-instance (i.e. an input x ∈ L) is transformed into a graph whose largest independent set is relatively small.
As it turns out, to that end, one has to apply several techniques and methods, stemming from distinct, seemingly unrelated, fields. Our proof incorporates theorems and insights from harmonic analysis of Boolean functions, and extremal set theory. Techniques which seem to be of independent interest. They have already shown application in proving hardness of approximation [DGKR03, DRS02, KR03] , and would hopefully come handy in other areas.
Let us proceed to describe these techniques and how they relate to our construction. For the exposition, let us narrow the discussion and describe how to analyze independent sets in one specific graph, called the non-intersection graph. This graph is a key building-block in our construction. The formal definition of the non-intersection graph G[n] is simple. Denote [n] = {1, ..., n}.
Definition 1.1 (Non-intersection graph) G[n] has one vertex for every subset S ⊆ [n], and two vertices S 1 and S 2 are adjacent iff S 1 ∩ S 2 = φ.
The final graph resulting from our reduction will be made of copies of G[n] that are further inter-connected. Clearly, an independent set in the final graph is an independent set in each individual copy of G [n] .
To analyze our reduction, it is worthwhile to first analyze large independent sets in G[n]. It is useful to simultaneously keep in mind several equivalent perspectives of a set of vertices of G[n], namely:
• A subset of the 2 n vertices of G[n].
• A family of subsets of [n] .
• A Boolean function f : {−1, 1} n → {−1, 1}. (Assign to every subset an n-bit string σ, with −1 in coordinates in the subset and 1 otherwise. Let f (σ) be −1 or 1 depending on whether the subset is in the family or out).
In the remaining part of the introduction, we survey results from various fields on which we base our analysis. We first discuss issues related to Analysis of Boolean Functions, move on to describe some specific codes, and then discuss relevant issues in Extremal Set Theory. We end by describing the central feature of the new PCP construction, on which our entire approach hinges.
Analysis of Boolean Functions
Analysis of Boolean Functions can be viewed as harmonic analysis over the group Z n 2 . Here tools from classical Harmonic Analysis are combined with techniques specific to functions of finite discrete range. Applications range from Social Choice, Economics and Game Theory, Percolation and Statistical Mechanics, and Circuit Complexity. This study has been carried out in recent years [BOL89, KKL88, BK97, FK96, BKS99] , one of the outcomes of which is a theorem of Friedgut [Fri98] whose proof is based on the techniques introduced in [KKL88] , which the proof herein utilizes in a critical manner. Let us briefly survey the fundamental principles of this field and the manner in which it is utilized.
Consider the group Z n 2 . It will be convenient to view group elements as vectors in {−1, 1} n with coordinate-wise multiplication as the group operation. Let f be a real-valued function on that group f: {−1, 1} n → R.
It is useful to view f as a vector in R 2 n . We endow this space with an inner-product,
. We associate each character of Z n 2 with a subset S ⊆ [n] as follows,
The set of characters { χ S } S forms an orthonormal basis for R 2 n . The expansion of a function f in that basis is its Fourier-Walsh transform. The coefficient of χ S in this expansion is denoted
Consider now the special case of a Boolean function f over the same domain
Many natural operators and parameters of such an f have a neat and helpful formulation in terms of the Fourier-Walsh transform. This has yielded some striking results regarding VotingSystems, Sharp-Threshold Phenomena, Percolation, and Complexity Theory. The influence of a variable i ∈ [n] on f is the probability, over a random choice of x ∈ {−1, 1} n , that flipping x i changes the value of f:
where {i} is interpreted to be the vector that equals 1 everywhere except at the i'th coordinate where it equals -1, and ⊙ denotes the group's multiplication. The influence of the ith variable can be easily shown [BOL89] to be expressible in term of the Fourier coefficients of f as
The total-influence or average-sensitivity of f is the sum of influences
These notions (and others) regarding functions may also be examined for a non-uniform distribution over {−1, 1} n , in particular, for 0 < p < 1, the p-biased product-distribution is
where |x| is the number of −1's in x. One can define influence and average-sensitivity under the µ p distribution, in much the same way. We have a different orthonormal basis for these functions [Tal94] because changing distributions changes the value of the inner-product of two functions. Let µ p (f) denote the probability that a given Boolean function f is −1. It is not hard to see that for monotone f, µ p (f) increases with p. Moreover, the well-known Russo's Lemma [Mar74, Rus82] (Theorem 3.4) states that, for a monotone Boolean function f, the derivative d µ p (f) dp (as a function of p), is precisely equal to the average-sensitivity of f according to µ p :
dµ p (f) dp .
Juntas and their cores: Some functions over n binary variables as above may happen to ignore most of their input and essentially depend on only a very small, say constant, number of variables. Such functions are referred to as juntas. More formally, a set of variables C ⊂ [n] is the core of f, if for every x,
where x| C equals x on C and is otherwise 1. Furthermore, C is the (δ, p)-core of f if there exists a function f ′ with core C, such that,
A Boolean function with low total-influence is one that infrequently changes value when one of its variables is flipped at random. How can the influence be distributed among the variables? It turns out, that Boolean functions with low total-influence must have a constantsize core, namely, they are close to a junta. This is a most-insightful theorem of Friedgut [Fri98] (Theorem 3.2), which we build on herein. It states that any Boolean f has a (δ, p)-core C such that |C| ≤ 2 O(as(f)/δ) .
Thus, if we allow a slight perturbation in the value of p, and since a bounded continuous function cannot have a large derivative everywhere, Russo's Lemma guarantees that a monotone Boolean function f will have low average-sensitivity. For this value of p we can apply Friedgut's Theorem, to conclude that f must be close to a junta.
One should note that this analysis in fact can serve as a proof for the following general statement: Any monotone Boolean function has a sharp threshold unless it is approximately determined by only a few variables. More precisely, one can prove that in any given range [p, p + γ], a monotone Boolean function f must be close to a junta according to µ q for some q in the range; the size of the core depending on the size of the range.
Codes -Long and Biased
A binary code of length m is a subset
of strings of length m, consisting of all designated codewords. As mentioned above, we may view Boolean functions f: {−1, 1} n → {−1, 1} as binary vectors of dimension m = 2 n . Consequently, a set of Boolean functions B ⊆ {f: {−1, 1} n → {−1, 1}} in n variables is a binary code of length m = 2 n . Two parameters usually determine the quality of a binary code: (1) the rate of the code,
m log 2 |C|, which measures the relative entropy of C, and (2) the distance of the code, that is the smallest Hamming distance between two codewords. Given a set of values one wishes to encode, and a fixed distance, one would like to come up with a code whose length m is as small as possible, (i.e., the rate is as large as possible). Nevertheless, some low rate codes may enjoy other useful properties. One can apply such codes when the set of values to be encoded is very small, hence the rate is not of the utmost importance.
The Hadamard code is one such code, where the codewords are all characters { χ S } S . Its rate is very low, with m = 2 n codewords out of 2 m possible ones. Its distance is however large, being half the length, m 2 . The Long-code [BGS98] is even much sparser, containing only n = log m codewords (that is, of loglog rate). It consists of only those very particular characters χ {i} determined by a single
These n functions are called dictatorship in the influence jargon, as the value of the function is 'dictated' by a single index i.
Decoding a given string involves finding the codeword closest to it. As long as there are less than half the code's distance erroneous bit flips, unique decoding is possible since there is only one codeword within that error distance. Sometimes, the weaker notion of list-decoding may suffice. Here we are seeking a list of all codewords that are within a specified distance from the given string. This notion is useful when the list is guaranteed to be small. List-decoding allows a larger number of errors and helps constructing better codes, as well as plays a central role in many proofs for hardness of approximation.
Going back to the Hadamard code and the Long-code, given an arbitrary Boolean function f, the Hamming distance between f and any codeword χ S is exactly 1− f(S) 2 2 n . Since | f(S)| 2 = 1, there can be at most 1 δ 2 codewords that agree with f on a 1+δ 2 fraction of the points. It follows, that the Hadamard code can be list-decoded for distances up to 1−δ 2 2 n . This follows through to the Long-code, being a subset of the Hadamard code.
For our purposes, however, list-decoding the Long-code is not strong enough. It is not enough that all x i 's except for those on the short list have no meaningful correlation with f. Rather, it must be the case that all of the non-listed x i 's, together, have little influence on f. In other words, f needs be close to a junta, whose variables are exactly the x i 's in the list decoding of f.
In our construction, potential codewords arise as independent sets in the non-intersection graph G[n], defined above (Definition 1.1). Indeed, G[n] has 2 n vertices, and we can think of a set of vertices of G[n] as a Boolean function, by associating each vertex with an input setting in {−1, 1} n , and assigning that input −1 or +1 depending on whether the vertex is in or out of the set. What are the largest independent sets in G[n]? One can observe that there is one for every i ∈ [n], whose vertices correspond to all subsets S that contain i, thus containing exactly half the vertices. Viewed as a Boolean function this is just the i-th dictatorship χ {i} which is one of the n legal codewords of the Long-code.
Other rather large independent sets exist in G[n], which complicate the picture a little. Taking a few vertices out of a dictatorship independent set certainly yields an independent set. For our purposes it suffices to concentrate on maximal independent sets (ones to which no vertex can be added). Still, there are some problematic examples of large, maximal independent sets whose respective 2 n -bit string is far from all codewords: the set of all vertices S where |S| > n 2 , is referred to as the majority independent set. Its size is very close to half the vertices, as are the dictatorships. It is easy to see, however, by a symmetry argument, that it has the same Hamming distance to all codewords (and this distance is ≈ 2 n 2 ) so there is no meaningful way of decoding it.
To solve this problem, we introduce a bias to the Long-code, by placing weights on the vertices of the graph G[n]. For every p, the weights are defined according to the p-biased product distribution:
is a weighted graph, in which there is one vertex for each subset S ⊆ [n], and where two vertices S 1 and S 2 are adjacent iff S 1 ∩S 2 = φ. The weights on the vertices are as follows:
Clearly G 1
2
[n] = G[n] because for p = 1 2 all weights are equal. Observe the manner in which we extended the notation µ p , defined earlier as the p-biased product distribution on n-bit vectors, and now on subsets of [n] . The weight of each of the n dictatorship independent sets is always p. For p < 1 2 and large enough n, these are the (only) largest independent sets in G p [n] . In particular, the weight of the majority independent set becomes negligible.
Moreover, for p < 1 2 every maximal independent set in G p [n] identifies a short list of codewords. To see that, consider a maximal independent set I in G[n]. The characteristic function of I -f I (S) = −1 if S ∈ I and 1 otherwise-is monotone, as adding an element to a vertex S, can only decrease its neighbor set (fewer subsets S ′ are disjoint from it). One can apply Lemma 1.2 above to conclude that f I must be close to a junta, for some q possibly a bit larger than p:
Extremal Set-Systems
An independent set in G[n] is a family of subsets, such that every two member subsets intersect. The study of maximal intersecting families of subsets has started in the 1960s with a paper of Erdős, Ko, and Rado [EKR61] . In this classical setting, there are three parameters: n, k, t ∈ N. The underlying domain is [n], and one seeks the largest family of size-k subsets, every pair of which share at least t elements.
In [EKR61] it is proven that for any k, t > 0, and for sufficiently large n, the largest family is one that consists of all subsets that contain some t fixed elements. When n is only a constant times k this is not true. For example, the family of all subsets containing at least 3 out of 4 fixed elements is 2-intersecting, and is maximal for a certain range of values of k/n.
Frankl [Fra78] , investigated the full range of values for t, k and n, and conjectured that the maximal t-intersecting family is always one of A i,t ∩
[n] k where [n] k is the family of all size-k subsets of [n] and
Partial versions of this conjecture have been proven in [Fra78, FF91, Wil84] . Fortunately, the complete intersection theorem for finite sets has been settled not long ago by Ahlswede and Khachatrian [AK97] .
Characterizing the largest independent sets in G p [n] amounts to studying this question for t = 1, yet in a smoothed variant. Rather than looking only at subsets of prescribed size, every subset of [n] is given a weight according to µ p , see Equation (1). Under µ p almost all of the weight is concentrated on subsets of size roughly pn. We seek an intersecting family, largest according to this weight.
The following lemma characterizes the largest 2-intersecting families of subsets according to µ p , in a similar manner to Alswede-Khachatrian's solution to the the Erdős-Ko-Rado question for arbitrary k.
where P ([n]) denotes the power set of [n] . The proof is included in Appendix D.
Going back to our reduction, recall that we are transforming instances x of some NP-complete language L into graphs. Starting from a 'yes' instance (x ∈ L), the resulting graph (which is made of copies of G p [n]) has an independent set whose restriction to every copy of G p [n] is a dictatorship. Hence the weight of the largest independent set in the final graph is roughly p. 'No' instances (x ∈ L) result in a graph whose largest independent set is at most p • + ǫ where p • denotes the size of the largest 2-intersecting family in G p [n] . Indeed, as seen in Section 5, the final graph may contain an independent set comprising of 2-intersecting families in each copy of G p [n], regardless of whether the initial instance is a 'yes' or a 'no' instance.
Nevertheless, our analysis shows that any independent set in G p [n] whose size is even marginally larger than the largest 2-intersecting family of subsets, identifies an index i ∈ [n]. This 'assignment' of value i per copy of G p [n] can then serve to prove that the starting instance x is a 'yes' instance.
In summary, the source of our inapproximability factor comes from the gap between sizes of maximal 2-intersecting and 1-intersecting families. This factor is 1−p • 1−p , being the ratio between the sizes of the vertex covers that are the complements of the independent sets discussed above. The value of p is constrained by additional technical complications stemming from the structure imposed by the PCP theorem.
Stronger PCP theorems and hardness of approximation
The PCP theorem was originally stated and proven in the context of probabilistic checking of proofs. However, it has a clean interpretation as a constraint satisfaction problem (sometimes referred to as Label-Cover), which we now formulate explicitly. There are two sets of nonBoolean variables, X and Y . The variables take values in finite domains R x and R y respectively. For some of the pairs (x, y), x ∈ X and y ∈ Y , there is a constraint π x,y . A constraint specifies which values for x and y will satisfy it. Furthermore, all constraints must have the 'projection' property. Namely, for every x-value there is only one possible y-value that together would satisfy the constraint. An enhanced version of the PCP theorem states that Theorem 1.5 (The PCP Theorem [AS98, ALM + 98, Raz98]) Given as input a system of constraints {π x,y } as above, it is NP-hard to decide whether
• There is an assignment to X, Y that satisfies all of the constraints.
• There is no assignment that satisfies more than an |R x | −Ω(1) fraction of the constraints.
A general scheme for proving hardness of approximation was developed in [BGS98, Hås01, Hås99] . The equivalent of this scheme in our setting, would be to construct a copy of the intersection graph for every variable in X ∪ Y . The copies would then be further connected according to the constraints between the variables, in a straightforward way.
It turns out that such a construction can only work if the constraints between the x, y pairs in the PCP theorem are extremely restricted. The important 'bijection-like' parameter is as follows: given any value for one of the variables, how many values for the other variable will still satisfy the constraint. In projection constraints, a value for the x variable has only one possible extension to a value for the y variable; but a value for the y variable may leave many possible values for x. In contrast, a significant part of our construction is devoted to getting symmetric two-variable constraints where values for one variable leave 1 or 2 possibilities for the second variable, and vice versa. It is the precise structure of these constraints that limits p to being at most
2 . In fact, our construction proceeds by transformations on graphs rather than on constraint satisfaction systems. We employ a well-known reduction [FGL + 96] converting the constraint satisfaction system of Theorem 1.5 to a graph made of cliques that are further connected. We refer to such a graph as co-partite because it is the complement of a multi-partite graph. The reduction asserts that in this graph it is NP-hard to approximate the maximum independent set, with some additional technical requirements. The major step is to transform this graph into a new co-partite graph that has a crucial additional property, as follows. Every two cliques are either totally disconnected, or, they induce a graph such that the co-degree of every vertex is either 1 or 2. This is analogous to the 'bijection-like' parameter of the constraints discussed above.
Minimum Vertex Cover
Let us now briefly describe the history of the Minimum Vertex Cover problem. There is a simple greedy algorithm that approximates Minimum Vertex Cover to within a factor of 2 as follows: Greedily obtain a maximal matching in the graph, and let the vertex cover consist of both vertices at the ends of each edge in the matching. The resulting vertex-set covers all the edges and is no more than twice the size of the smallest vertex cover. Using the best currently known algorithmic tools doesn't help much in this case, and the best known algorithm gives an approximation factor of 2
As to hardness results, the previously best known hardness result was due to Håstad [Hås01] who showed that it is NP-hard to approximate Minimum Vertex Cover to within a factor of 7 6 . Let us remark that both Håstad's result and the result presented herein hold for graphs of bounded degree. This follows simply because the graph resulting from our reduction is of bounded degree.
Organization of the Paper
The reduction is described in Section 2. In Section 2.1 we define a specific variant of the gap independent set problem called hIS and show it NP-hard. This encapsulates all one needs to know -for the purpose of our proof -of the PCP theorem. Section 2.2 describes the reduction from an instance of hIS to Minimum Vertex Cover. The reduction starts out from a graph G and constructs from it the final graph G C L B . The section ends with the (easy) proof of completeness of the reduction. Namely, that if IS(G) = m then G C L B contains an independent set whose relative size is roughly p ≈ 0.38.
The main part of the proof is the proof of soundness. Namely, proving that if the graph G is a 'no' instance, then the largest independent set in G C L B has relative size at most < p • + ε ≈ 0.159. Section 3 surveys the necessary technical background; and Section 4 contains the proof itself. Finally, Section 5 contains some examples showing that the analysis of our construction is tight.
The Construction
In this section we describe our construction. We first define a specific gap variant of the Maximum Independent Set problem. The NP-hardness of this problem follows directly from known results, and it encapsulates all one needs to know about PCP for our proof. We then describe the reduction from this problem to Minimum Vertex Cover.
Co-partite Graphs and h-Clique-Independence
Consider the following type of graph,
Such a graph is the complement of an m-partite graph, whose parts have r vertices each. It follows from the proof of [FGL + 96], that it is NP-hard to approximate the Maximum Independent Set specifically on (m, r)-co-partite graphs.
Next, consider the following strengthening of the concept of an independent set,
The gap-h-Clique-Independent-Set Problem (or hIS(r, ǫ, h) for short) is as follows:
Problem: Distinguish between the following two cases:
• IS h (G) ≤ ǫm.
Note that for h = 2, IS 2 (G) = IS(G), and this becomes the usual gap-Independent-Set problem. Nevertheless, by a standard reduction, one can show that this problem is still hard, as long as r is large enough compared to h:
A complete derivation of this theorem from the PCP theorem can be found in Appendix B.
The Reduction
In this section we present our reduction from hIS(r, ε 0 , h) to Minimum Vertex Cover by constructing, from any given (m, r)-co-partite graph G, a graph G C L B . Our main theorem is as follows, Theorem 2.2 For any ε > 0, and p < p max = 3− √ 5
2 , for large enough h, l T and small enough ε 0 (see Definition 2.3 below): Given an (m, r)-co-partite graph G = (M ×R, E), one can construct, in polynomial time, a graph G C L B so that:
As an immediate corollary we obtain,
2 . For any constant ε > 0, given a weighted graph G, it is NP-hard to distinguish between:
In case p ≤ 1 3 , p • reads p 2 and the above asserts that it is NP-hard to distinguish between
and the gap between the sizes of the minimum vertex cover in the 'yes' and 'no' cases approaches 1−p 2 1−p = 1 + p, yielding a hardness-of-approximation factor of 4 3 for Minimum Vertex Cover. Our main result follows immediately, Theorem 1.1 Given a graph G, it is NP-hard to approximate Minimum Vertex Cover to within any factor smaller than 10 √ 5 − 21 ≈ 1.3606. Proof: For 1 3 < p < p max , direct computation shows that p • = 4p 3 − 3p 4 , thus it is NP-hard to distinguish between the case G C L B has a vertex cover of size 1 − p + ǫ and the case G C L B has a vertex cover of size at least 1 − 4p 3 + 3p 4 − ǫ for any ǫ > 0. Minimum Vertex Cover is thus shown hard to approximate to within a factor approaching
Before we turn to the proof of the main theorem, let us introduce some parameters needed during the course of the proof. It is worthwhile to note here that the particular values chosen for these parameters are insignificant. They are merely chosen so as to satisfy some assertions through the course of the proof, nevertheless, most importantly, they are all independent of r = |R|. Once the proof has demonstrated that assuming a (p • + ε)-weight independent set in G C L B , there must be a set of weight ε 0 in G that contains no h-clique, one can set r to be large enough so as to imply NP-hardness of hIS(r, ε 0 , h), which thereby implies NP-hardness for the appropriate gap-Independent-Set problem. This argument is valid due to the fact that none of the parameters of the proof is related to r. Definition 2.3 (Parameter Setting) Given ε > 0 and p < p max , let us set the following parameters:
• Choosing h: We choose h to accommodate applications of Friedgut's theorem (Theorem 3.2 below), a Sunflower Lemma and a pigeon-hole principle. Let Γ(p, δ, k) be the function defined in Theorem 3.2, and let Γ * (k, d) be the function defined in the Sunflower Lemma (Theorem 4.8 below). Set
• Fix ε 0 = 1 32 · ε.
• Fix l T = max(4 ln
Remarks. The value of γ is well defined because the function taking p to
is a continuous function of q, see Theorem 3.2. Both r and l T remain fixed while the size of the instance |G| increases to infinity, so without loss of generality we can assume that l T · r ≪ m.
Constructing the Final Graph
Let us denote the set of vertices of G by V = M × R.
The constructed graph G C L B will depend on a parameter l def = 2l T · r. Consider the family B of all sets of size l of V :
Let us refer to each such B ∈ B as a block. The intersection of an independent set I G ⊂ V in G with any B ∈ B, I G ∩ B, can take 2 l distinct forms, namely all subsets of B.
T hence for almost all B it is the case that |I G ∩ B| > l T . Let us consider for each block B its block-assignments,
Every block-assignment a ∈ R B supposedly corresponds to some independent set I G , and assigns T to exactly all vertices of B that are in I G , that is, where a −1 (T) = I G ∩ B. Two blockassignments are adjacent in G B if they are surely not referring to the same independent set. In this case they will be said to be inconsistent. Thus a = a ′ ∈ R B are inconsistent.
Consider a pair of blocks B 1 , B 2 that intersect onB = B 1 ∩ B 2 with |B| = l − 1. For a blockassignment a 1 ∈ R B 1 , let us denote by a 1 |B:B → {T, F} the restriction of a 1 toB, namely, where ∀v ∈B, a 1 |B(v) = a 1 (v). Block assignments a 1 ∈ R B 1 and a 2 ∈ R B 2 are possibly referring to the same independent set only if a 1 |B = a 2 |B. If also B 1 =B ∪ {v 1 } and B 2 =B ∪ {v 2 } such that v 1 , v 2 are adjacent in G, a 1 , a 2 are consistent only if they don't both assign T to v 1 , v 2 respectively. In summary, every block-assignment a 1 ∈ R B 1 is consistent with (and will not be adjacent to) at most two block-assignments in R B 2 .
Let us formally construct the graph
Definition 2.4 Define the graph G B = (V B , E B ), with vertices for all block-assignments to every block B ∈ B,
and edges for every pair of block-assignments that are clearly inconsistent,
Note that |R B | is the same for all B ∈ B, so for r ′ = |R B | and m ′ = |B|, the graph G B is (m ′ , r ′ )-co-partite. The (almost perfect) completeness of the reduction from G to G B , can be easily proven:
The Final Graph
We now define our final graph G C L B , consisting of the same blocks as G B , but where each block is not a clique but rather a copy of the non-intersection graph G p [n], for n = |R B |, as defined in the introduction (Definition 1.2).
Vertices and Weights
for every B ∈ B, where vertices in each block B correspond to the non-intersection graph
with a subset of R B , that is,
consists of one such block of vertices for each B ∈ B,
Note that we take the block-assignments to be distinct, hence, subsets of them are distinct, and
, as defined in Definition 1.2. Namely, we assign each vertex F a probability according to µ p :
Finally, the probability distribution Λ assigns equal probability to every block: For any
Edges. We have edges between every pair of
] if in the graph G B there is a complete bipartite graph between these sets, i.e.
In particular, there are edges within a block, i.e. when B 1 = B 2 , iff F 1 ∩ F 2 = φ (formally, this follows from the definition because the vertices of R B form a clique in G B , and G B has no self edges). This completes the construction of the graph G C L B . We have,
A simple-to-prove, nevertheless crucial, property of G C L B is that every independent set 1 can be monotonely extended,
, then I ∪ {F ′ } is also an independent set. We conclude this section by proving completeness of the reduction:
. In other words, there is an independent set I B ⊂ V B of G B whose size is |I B | ≥ m ′ · (1 − ε). Let I 0 = { {a} | a ∈ I B } be the independent set consisting of all singletons of I B , and let I be I 0 's monotone closure. The set I is also an independent set due to Proposition 2.6 above. It remains to observe that the weight within each block of the family of all sets containing a fixed a ∈ I B , is p.
Technical Background
In this section we describe our technical tools, formally defining and stating theorems that were already described in the introduction. As described in the introduction, these theorems come from distinct fields, in particular harmonic analysis of Boolean functions and extremal set theory.
For the rest of the paper, we will adopt the notation of extremal set theory as follows. A family of subsets of a finite set R will usually be denoted by F ⊆ P (R), and member subsets by F, H ∈ F. We represent a Boolean function f : {−1, 1} n → {−1, 1}, according to its alternative view as a family of subsets
where σ F is the vector with −1 on coordinates in F , and 1 otherwise.
A Family's Core
A family of subsets F ⊂ P (R) is said to be a junta with core C ⊂ R, if a subset F ∈ P (R) is determined to be in or out of F only according to its intersection with C (no matter whether other elements are in or out of F ). Formally, C is the core of F if,
A given family F, does not necessarily have a small core C. However, there might be another family F ′ with core C, and that approximates F quite accurately, up to some δ: Definition 3.1 (Core) A set C ⊆ R is said to be a (δ, p)-core of the family F ⊆ P (R), if there exists a junta F ′ ⊆ P (R) with core C such that µ p (F △ F ′ ) < δ.
The family F ′ that best approximates F on its core, consists of the subsets F ∈ P (C) whose extension to R intersects more than half of F,
Consider the Core-Family, defined as the family of all subsets F ∈ P (C), for which 3 4 of their extension to R, i.e.
Definition 3.2 (Core-Family) For a set of elements C ⊂ R, define,
By simple averaging, it turns out that if C is a (δ, p)-core for F, this family approximates F almost as well as the best family C.
C . Let . We will show
and thus
where the first line follows from (2) and second line holds because
To prove (2), fix
C , and denote
and not in F 3
4
, so
Influence and Sensitivity
Let us now define influence and average sensitivity for families of subsets. Assume a family of subsets F ⊆ P (R). The influence of an element e ∈ R,
The total-influence or average sensitivity of F with respect to µ p , denoted as p (F), is the sum of the influences of all elements in R,
Friedgut's theorem states that if the average sensitivity of a family is small, then it has a small (δ, p)-core: Theorem 3.2 (Theorem 4.1 in [Fri98] ) Let 0 < p < 1 be some bias, and δ > 0 be any approximation parameter. Consider any family F ⊂ P (R), and let k = as p (F). There exists a function Γ(p, δ, k) ≤ (c p ) k/δ , where c p is a constant depending only on p, such that F has a (δ, p)-core C, with |C| ≤ Γ(p, δ, k).
Remark
A family of subsets F ⊆ P (R) is monotone if for every F ∈ F, for all F ′ ⊃ F , F ′ ∈ F. We will use the following easy fact, Proposition 3.3 For a monotone family F ⊆ P (R), µ p (F) is a monotone non-decreasing function of p.
For a simple proof of this proposition, see Appendix C.
Interestingly, for monotone families, the rate at which µ p increases with p, is exactly equal to the average-sensitivity:
For a simple proof of this identity, see Appendix C.
Maximal Intersecting Families
Recall from the introduction that a monotone family distinguishes a small core of elements, that almost determine it completely. Next, we will show that a monotone family that is of large enough weight, and is also intersecting, must exhibit one distinguished element in its core. This element will consequently serve for establishing consistency between distinct families.
Definition 3.3 A family F ⊂ P (R) is t-intersecting, for t ≥ 1, if
For t = 1 such a family is referred to simply as intersecting.
Let us first consider the following natural generalization for a pair of families, Definition 3.4 (Cross-Intersecting) Two families F 1 , F 2 ⊆ P (R) are cross-intersecting if for every F 1 ∈ F 1 and F 2 ∈ F 2 , F 1 ∩ F 2 = φ.
Two families cannot be too large and still remain cross-intersecting, Proposition 3.5 Let p ≤ 1 2 , and let F 1 , F 2 ⊆ P (R) be two families of subsets for which
Proof: We can assume that F 1 , F 2 are monotone, as their monotone closures must also be cross-intersecting. Since µ p , for a monotone family, is non-decreasing with respect to p (see Proposition 3.3), it is enough to prove the claim for p = 1 2 . For a given subset F denote its complement by F c = R \ F . If there was some F ∈ F 1 ∩ F 2 for which F c ∈ F 1 or F c ∈ F 2 , then clearly the families would not be cross-intersecting. Yet if
C that is (see Definition 3.2) the threshold approximation of F on its core C, Proposition 3.6 Let F ⊆ P (R), and let C ⊆ R.
C is monotone.
•
C and observe that the families
, and by Proposition 3.5, cannot be cross intersecting. An intersecting family whose weight is larger than that of a maximal 2-intersecting family, must contain two subsets that intersect on a unique element e ∈ R.
Definition 3.5 (Distinguished Element) For a monotone and intersecting family F ⊆ P (R), an element e ∈ R is said to be distinguished if there exist F ♭ , F ♯ ∈ F such that
The distinguished element itself is not unique, a fact that is irrelevant to our analysis as we choose an arbitrary one. Clearly, an intersecting family has a distinguished element if and only if it is not 2-intersecting. We next establish a weight criterion for an intersecting family to have a distinguished element. Recall that p max = 3− √ 5
2 . For each p < p max , define p • to be Definition 3.6 ∀p < p max , p
This maps each p to the size of the maximal 2-intersecting family, according to µ p . For a proof of such a bound we venture into the field of extremal set theory, where maximal intersecting families have been studied for some time. This study was initiated by Erdős, Ko, and Rado [EKR61] , and has seen various extensions and generalizations. The corollary above is a generalization to µ p of what is known as the Complete Intersection Theorem for finite sets, that was proven in [AK97] . Frankl [Fra78] defined the following families:
which are easily seen to be t-intersecting for 0 ≤ i ≤ n−t 2 ; and conjectured the following theorem that was finally proven by Ahlswede and Khachatrian [AK97] :
Our analysis requires the extension of this statement to families of subsets that are not restricted to a specific size k, and where t = 2. Let us denote A i def = A i,2 . The following lemma (mentioned in the introduction) follows from the above theorem, and will be proven in Appendix D. Lemma 1.4 Let F ⊂ P ([n]) be 2-intersecting. For any p < 1 2 ,
Furthermore, when p ≤ 1 3 , this maximum is attained by µ p (A 0 ) = p 2 , and for 1 3 < p < p max by µ p (A 1 ) = 4p 3 − 3p 4 . Having defined p • = max(p 2 , 4p 3 − 3p 4 ) for every p < p max , we thus have
The proof of this corollary can also be found in Appendix D.
Soundness
This section is the heart, and most technical part, of the proof of correctness, proving the construction is sound, that is, that if G C L B has a large independent set, then G has a large h-clique-free set.
Proof Sketch: Assuming an independent set I ⊂ V C L B of weight Λ(I) ≥ p • + ε, we consider for each block B ∈ B the family
. The first step (Lemma 4.2) is to find, for a non-negligible fraction of the blocks B q ⊆ B, a small core of permissible block-assignments, and in it, one distinguished block-assignment to be used later to form a large h-clique-free set in G. This is done by showing that for every B ∈ B q , I[B] has both significant weight and low average-sensitivity. This, not necessarily true for p, is asserted for some slightly shifted value q ∈ (p, p + γ). Utilizing Friedgut's theorem, we deduce the existence of a small core for I [B] . Then, utilizing an Erdős-Ko-Rado-type bound on the maximal size of a 2-intersecting family, we find a distinguished block-assignment for each B ∈ B q . The next step is to focus on one (e.g. random) l − 1 sub-blockB ∈ V l−1 , and consider its extensionsB ∪ {v} for v ∈ V = M × R, that represent the initial graph G. The distinguished block-assignments of those blocks that are in B q will serve to identify a large set in V .
The final most delicate part of the proof, is Lemma 4.6, asserting that the distinguished block-assignments of the blocks extendingB must identify an h-clique-free set as long as I is an independent set. Indeed, since they all share the same (l − 1)-sub-blockB, the edge constraints these blocks impose on one another will suffice to conclude the proof.
After this informal sketch, let us now turn to the formal proof of Lemma 4.1.
Proof: Let then I ⊂ V C L B be an independent set of size Λ(I) ≥ p • + ε, and denote, for each B ∈ B,
. Assume w.l.o.g. that I is maximal, Observation. I[B] , for any B ∈ B, is monotone and intersecting. Proof: It is intersecting, as G C L B has edges connecting vertices corresponding to non-intersecting subsets, and it is monotone due to maximality (see Proposition 2.6).
The first step in our proof is to find, for a significant fraction of the blocks, a small core, and in it one distinguished block-assignment. Recall from Definition 3.5, that an element a ∈ C would be distinguished for a family [I [B] ] C whose intersection is exactly F ♭ ∩ F ♯ = {a}.
Theorem 3.2 implies that a family has a small core only if the family has low averagesensitivity, which is not necessarily the case here. To overcome this, let us use an extension of Corollary 1.3, which would allow us to assume some q slightly larger than p, for which a large fraction of the blocks have a low average-sensitivity, and thus a small core. By the weight of the family being large, it follows that there must be a distinguished block-assignment in that core.
Lemma 4.2 There exists some q ∈ [p, p max ), and a set of blocks B q ⊆ B whose size is |B q | ≥ Proof: We will find a value q ∈ [p, p max ) and a set of blocks B q ⊆ B such that for every B ∈ B q , I[B] is of large weight and low average sensitivity, according to µ q . We will then proceed to show that this implies the above properties. First consider blocks whose intersection with I has weight not much lower than the expectation,
By a simple averaging argument, it follows that |B ′ | ≥ 1 2 ε · |B|, as otherwise
Since µ p is non-decreasing with p (see Proposition 3.3), and since the value of γ < p max − p was chosen so that for every q ∈ [p, p + γ], p • + 1 4 ε > q • , we have for every block B ∈ B ′ ,
The family I[B], being monotone, cannot have high average sensitivity according to µ q for many values of q, so by allowing an increase of at most γ, the set 
and apply a version of Lagrange's Mean-Value Theorem: The derivative of
where the last equality follows from the Russo-Margulis identity (Lemma 3.4). Therefore, there must be some q ∈ [p, p Core
By Proposition 3.6, since I[B] is monotone and intersecting, so is CF B . Moreover, Corollary 3.1 asserts that
where the second inequality follows from inequality (3), stating that µ q (I[B]) > q • + 1 4 ε for any B ∈ B q . We can now utilize the bound on the maximal size of a 2-intersecting family (see Corollary 3.8), to deduce that CF B is too large to be 2-intersecting, and must distinguish an elementȧ ∈ Core[B], i.e. contain two subsets F ♯ , F ♭ ∈ CF B that intersect on exactly that block-assignment, F ♯ ∩ F ♭ = {ȧ}. This completes the proof of Lemma 4.2.
Let us now fix q as guaranteed by Lemma 4.2 above. The following implicit definitions appeared in the above proof, and will be used later as well, • B's distinguished block-assignment, is an arbitrary distinguished element of CF B , denoteḋ
Let us further define for each block B ∈ B q , the set of all block-assignments of B that have influence larger than η =
Definition 4.2 (Extended Core) For B ∈ B, let the extended core of B be
The extended core is not much larger than the core, because the total sum of influences of elements in R B , is bounded for every B ∈ B q , by as q (I 
Consider now an (l − 1)-sub-blockB ∈ V l−1 . The set of l-blocks that extendB can be thought of as a copy of G. The next step in our proof is to identify one such sub-block, and a set of blocks extending it (sayB ∪ {v 1 }, . . . ,B ∪ {v m }) so that the corresponding subset of vertices {v 1 , . . . , v m } = VB ⊂ V is h-clique-free. Members of VB are determined in a delicate way as follows. For each blockB ∪ {v} ∈ B q , if the distinguished block-assignment of that block assigns T to v, then v is put in VB (VB is formally defined in Definition 4.4). We show in Proposition 4.5 that an appropriate random selection ofB implies that VB is sufficiently large. Then, in Lemma 4.6 we analyze the cores and distinguished block-assignments of the blockŝ B ∪ {v 1 }, . . . ,B ∪ {v m }, and deduce that the set VB must be h-clique free.
In Figure 1 the top two lines represent the block assignments of B 1 and the two bottom lines represent the block assignments of B 2 . The lines are labeled by T and F to indicate the value assigned to v 1 (resp. v 2 ) by block-assignments on that line. The center line represents the sub-block assignments RB. The block assignments are aligned so that all 5 in the same column agree on the assignment toB. The key is that only block-assignments that are in the same column can be consistent, thus a pair of block-assignments a 1 ∈ R B 1 and a 2 ∈ R B 2 are consistent only if their restriction toB is equal (i.e. they are in the same column), and assuming v 1 , v 2 are adjacent in G they must not both assign T to v 1 and v 2 respectively.
We must attend a small technical issue before we continue. It would be undesired to have both block-assignments in a given pair influential in I[B] for this would mean that the structure of I[B] is not preserved when reduced toB. Thus, besides requiring that many of the blocksB∪{v} extendingB reside in B q (and have a well-defined core and distinguished block-assignment), we need them to be preserved byB: Definition 4.3 (Preservation) Let B ∈ B, and letB ⊂ B, |B| = l − 1. Let us denote by a|B the restriction toB of a block-assignment a ∈ R B . We say thatB preserves B, if there is no pair of block-assignments a 1 = a 2 ∈ ECore[B] with a 1 |B = a 2 |B.
It is almost always the case thatB preservesB ∪ {v}:
Proof: Each pair of block-assignments a 1 , a 2 ∈ ECore[B] can cause at most oneB to not preserve B, and for any block B ∈ B q , |ECore[B]| ≤ h 1 ; consequently, the number ofB not preserving B is at most
2 . The last step before identifying the requiredB is to see that a distinguished block-assignment for a blockB ∪ {v} is useful for constructing an h-clique-free subset in G, if it assigns T to v. Hence, for eachB we consider the following set VB ⊂ V : Definition 4.4 Let VB ⊆ V be: (l − 1)-blocksB ⊂ B not preserving B; hence, conditioned on B ∈ B q , the probability of v ∈ VB is at least
This inequality shows that there is at least oneB for which Pr
Finally, we establish IS h (G) ≥ ε 0 · m by proving, Lemma 4.6 The set VB contains no clique of size h.
Proof: (of Lemma 4.6) Assume, by way of contradiction, that there exists a clique over vertices v 1 , . . . , v h ∈ VB. We show that, for B i =B ∪ {v i }, the set ∪ i∈[h] I[B i ] is not an independent set. In fact, we explicitly find two of these blocks,
is not an independent set.
Analyzing consistency between blocksB ∪ {v i } leads us to consider the common sub-block B, and the sub-block-assignments that are restrictions of block-assignments in R B i toB. The (l − 1)-block-assignments ofB ∈ V l−1 , are defined to be
A block-assignment a ∈ R B i has a natural restriction toB, denoted a|B ∈ RB, where ∀v ∈ B, a|B(v) = a(v).
For the remaining analysis, let us name the three important entities regarding each block B i , for i ∈ [h]: B i 's distinguished block-assignment, the core of B i , and the extended core of B i ,
and their natural restrictions toB (where the natural restriction of a set is the set comprising the restrictions of its elements),
Now, recall the core-family CF B i , which is the family of subsets, over the core of each B i , whose extension in I[B i ] has weight at least 
Let their natural restriction toB bê
and note that, asB preserves every B i , it follows that, for all i ∈ [h],
Our first goal is to identify two blocks B i 1 and B i 2 whose core-families look the same in the following sense,
Our proof begins by applying the following Sunflower-Lemma over the setsÊ i :
The
Consider, for each i ∈ J, the triplet Ĉ i ∩ ∆,F ♭ i ∩ ∆,F ♯ i ∩ ∆ , and note that, sincê
Therefore, by the pigeon-hole principle, there must be some i 1 , i 2 ∈ J for which
¿From now on let us assume w.l.o.g. that i 1 = 1, i 2 = 2, and continue to denote ∆ =Ê 1 ∩Ê 2 . We will arrive at a contradiction by finding an edge between the blocks B 1 , B 2 , specifically, by finding two extensions, one of 
The distinguished block-assignments are labeled by both ♭ and ♯, and they assign T to v 1 , v 2 respectively. The dashed rectangle borders the intersection of C 1 withĈ 2 , which is a subset of ∆ and is where the restrictions of F ♯ 1 , F ♭ 1 are equal to those of F ♯ 2 , F ♭ 2 . As a first step, let us prove that the block-assignments in F ♭ 1 and F ♯ 2 are pairwise inconsistent:
Proof: We need to prove that for all a 1 ∈ F ♭ 1 , a 2 ∈ F ♯ 2 , a 1 , a 2 ∈ E B . If a 1 , a 2 ∈ E B , it must be that a 1 |B = a 2 |B ∈F ♭ 1 ∩F ♯ 2 ⊆Ê 1 ∩Ê 2 = ∆. B 1 and B 2 are chosen in Proposition 4.7 so that
It may well be that
], thus the proposition above is only a first step towards a contradiction. Nevertheless, we know that
In what follows, we utilize this large volume of 3 4 to find extensions of these sets, that are in I, yet are connected by an edge in E C L B . Let us partition the set of (l − 1)-block assignments of RB into the important ones, which are restrictions of block-assignments in the cores of B 1 or B 2 , and the rest, D =Ĉ 1 ∪Ĉ 2 andR = RB \D which immediately partitions the block-assignments of R B 1 and R B 2 , according to whether their restriction falls withinD:
and similarly for R B 2 ,
Proposition 4.10 |D 1 | ≤ 4h 0 and |D 2 | ≤ 4h 0 .
Proof: Simply note that
, hence it suffices to exhibit two subsets H 1 ∈ P (R 1 ) and H 2 ∈ P (R 2 ) all of whose block-assignments are pairwise-inconsistent, and so that
]. Let us prove this by showing first that the families of subsets extending F ♭ 1 and F ♯ 2 within I are large; and then proceed to show that this large volume implies the existence of two subsets, H 1 and H 2 as required.
Let us first name these two families of subsets extending F ♭ 1 and F ♯ 2 within I:
and proceed to prove they are large:
Proof: Let us prove the first case; the second one is proven by a symmetric, but otherwise identical, argument. By definition of
, it is the case that
Note that the only difference between this event and
is the conditioning on F to not contain any block-assignment in D 1 \ C 1 . Simplistically, if the elements in D 1 \ C 1 have tiny influence, then removing them from a subset does not take it out of I[B 1 ]. Hence, it suffices to prove that this family, of extensions of F ♭ 1 within I[B 1 ], is almost independent of the set of block-assignments D 1 \ C 1 , that is, that one can extract a small (< 1 4 ) fraction of I 1 and make it completely independent of the block-assignments outside R 1 ∪ C 1 .
Let us first observe that block-assignments in D 1 \ C 1 indeed have tiny influence,
Proof: There are two cases to consider for a ∈ D 1 \ C 1 : Either a|B ∈Ĉ 1 and in that case, sinceB preserves B 1 and since a ∈ C 1 , we deduce a ∈ E 1 ; or, a|B ∈Ĉ 2 \Ĉ 1 and since the first condition on B 1 and B 2 in Proposition 4.7 is thatĈ 1 ∩ ∆ =Ĉ 2 ∩ ∆, we deduce a|B ∈ ∆. Now a|B ∈Ĉ 2 ⊆Ê 2 , implies a|B ∈Ê 1 , thus a ∈ E 1 . By definition of the extended core E i (Definition 4.1), it follows that for every a ∈ D 1 \ C 1 , influence q a (I[B 1 ]) < η. Since |D 1 \ C 1 | < 4h 0 (Proposition 4.10) we can deduce that I[B 1 ] is almost independent of D 1 \C 1 , utilizing a relatively simple, general property related to influences. Namely, that, given any monotone family of subsets of a domain R, and a set U ⊂ R of elements of tiny influence, one has to remove only a small fraction of the family to make it completely independent of U , i.e. determined by R \ U . More accurately, we prove the following simple proposition in Appendix C, Proposition 4.13 Let F ⊂ P (R) be monotone, and let U ⊂ R be such that for all e ∈ U , influence p e (F) < η. Let
Formally, we write
, and completing the proof of Proposition 4.11.
We complete the proof of the Soundness Lemma, by deducing from the large volume of I 1 , I 2 , the existence of two subsets H 1 ∈ I 1 and H 2 ∈ I 2 so that
, which is the desired contradiction.
Proposition 4.14 Let I 1 ⊂ P (R 1 ) , I 2 ⊂ P (R 2 ). If (1 − q) 2 ≥ q and µ R 1 q (I 1 ) + µ R 2 q (I 2 ) > 1, there exist H 1 ∈ I 1 and H 2 ∈ I 2 such that
Proof: This proposition is proven by modifying the proof for the case of cross-intersecting families (Proposition 3.5). In that proof, we bounded the size of a pair of cross-intersecting families by pairing each subset with its complement, noting that at p = 1 2 their weights are equal.
In this case, we focus on the value q = p max = 3− √ 5 2 for which (1 − q) 2 = q, noting that since q ≤ p max , the monotonicity of I 1 , I 2 (see Proposition 3.3) yields µ pmax (I 1 ) + µ pmax (I 2 ) > 1. Here let us partition both P (R 1 ) and P (R 2 ), and define an appropriate 'complement' differently for each part.
Fix an (l − 1)-block assignmentâ ∈R. Extending it to a block assignment in R 1 (resp. in R 2 ) amounts to assigning a T/F value to v 1 (resp. to v 2 ). We denote these assignments bŷ a (v 1 ←T) ,â (v 1 ←F) ∈ R 1 and respectivelyâ (v 2 ←T) ,â (v 2 ←F) ∈ R 2 . Our partition is defined according to a 'representative mapping' mapping each F 1 ∈ P (R 1 ) to a function Π[F 1 ] :R → TF, TF, F defined as follows:
(symmetrically, we define Π[F 2 ] for each F 2 ∈ P (R 2 )). This mapping is natural when considering the characteristic function of F 1 and asking, for everyâ ∈R, the value of that function on the two extensions ofâ in R 1 ,â (v 1 ←T) andâ (v 1 ←F) .
Additionally, for a function Π = Π[F 1 ], Π :R → TF, TF, F , let its complement be Π c :R → TF, TF, F defined as follows:
Observe that Π cc = Π, so that this is indeed a perfect matching of the possible functions Π :R → TF, TF, F . Most importantly, observe next that Π[
To see that, we need to verify that
. This again implies a 1 , a 2 ∈ E B because by our assumption v 1 , v 2 is an edge in G (part of an h-clique).
Next, observe that for a fixed Π 0 :R → TF, TF, F , Pr
. Since µ q (I 1 ) + µ q (I 2 ) > 1, there must be a pair Π, Π c such that
Lemma 4.6 is thereby proved. This completes the proof of the soundness of the construction (Lemma 4.1). The main theorem (Theorem 2.2) is thereby proven as well.
Tightness
In this section we show our analysis of G C L B is tight in two respects. First, we show the 2-intersecting bound: Namely, that for any value of p there is always an independent set I in G C L B whose size is almost p • , regardless of G being a 'yes' or a 'no' instance. Next, we show that if p > (1 − p) 2 (this happens for p > 3− √ 5
2 ), then a large independent set can be formed in G C L B , again, regardless of the size of IS(G).
The 2-intersecting bound. We will exhibit an appropriate choice of maximal 2-intersecting families for almost all of the blocks B, that constitutes an independent set in G C L B . According the the complete intersection theorem, when p ≈ 3− √ 5 2 , the µ p -largest 2-intersecting family is obtained by fixing some 4 block-assignments and taking all subsets that contain at least 3 of them. We will fix 4 block-assignments for almost all blocks. This will be done so that for every pair of these blocks, always at least 3 of the 4 block-assignments are pairwise consistent. Having a "3 out of 4" family of subsets by fixing these four elements will be an independent set.
Let V red ∪ V green ∪ V blue ∪ V yellow be an arbitrary partition of V , with roughly |V | /4 vertices in each. For every block B ∈ B, define four special block-assignments, a B red , a B green , a B blue , a B yellow defined as being true on their color, and false elsewhere, e.g.
Of course, not all four are well-defined for every block, as a block-assignment a ∈ R B must contain at least t T's, and there is a negligible fraction of the blocks B ′ ⊂ B that intersect at least one of V red ∪ V green ∪ V blue ∪ V yellow with less than t values. Neglecting these, we take for each block, the following set of vertices
≥ 3 .
LetB ∈ V (l−1) , and let B 1 =B ∪ {v 1 }, and B 2 =B ∪ {v 2 }. Assume v 1 ∈ V red (symmetrically for any other color), and observe the following, Thus, I is an independent set.
2 . We construct an independent set by selecting an arbitrary block assignment for each block, and taking all subsets containing it. By removing a negligible fraction of the vertices (subsets) in each block, we eliminate all edges between blocks.
Consider two blocks B 1 , B 2 ∈ B, such that B 1 =B ∪ {v 1 }, B 2 =B ∪ {v 2 }. Denote byR the set of sub-block assignments forB that are restrictions of R B 1 and of R B 2 , and assume for simplicity that every sub-block assignment inR has two extensions (to F and to T) in both R B 1 and R B 2 .
A random subset F ∈ µp P (R B 1 ), has expectedly p · |R B 1 | block-assignments. Moreover, there are expectedly (1 − p) 2 · |R| sub-block-assignments inR for whichâ (v 1 ←F) ,â (v 1 ←T) ∈ F , and expectedly p · |R| sub-block-assignments for whichâ (v 1 ←F) ∈ F .
For two vertices F 1 ∈ V [B 1 ] and F 2 ∈ V [B 2 ] to be inconsistent, one of them must deviate from the expectation, due to the following. Everyâ ∈R for whichâ (v 1 ←F) ∈ F 1 must have botĥ a (v 2 ←F) ,â (v 2 ←T) ∈ F 2 . If both F 1 , F 2 are near their expectation, there are roughly (1 − p) 2 · |R| sub-block-assignments inR for which a (v 2 ←F) , a (v 2 ←T) ∈ F 2 , and if (1 − p) 2 < p, this is not enough to meet the expected p · |R| sub-block-assignments for which a (v 2 ←F) ∈ F 1 .
Standard Chernoff bounds imply that we need to remove only a tiny fraction of the vertices of each block, so as to eliminate all subsets that deviate from the expectation according to at least one sub-blockB.
Discussion
Clearly, the most important open question we leave is finding the precise factor to within which the minimum vertex cover can be approximated. The results presented herein appear as partial progress towards resolving that question.
One of the more likely approaches would be to strengthen the structural properties of the graph G B , on which the biased Long-code is applied (replacing each block by the biased intersection graph).
Following our work, Khot [Kho02] has formulated a specific type of "unique-games" PCP system that implies such a structural restriction. Roughly, the property is that the constraints are on pairs of variables, and are bijective (for a constraint to be satisfied, every value for one variable leaves one value for the other, and vice versa). In that framework our graph G B is equivalent to two-to-two constraints (where a value for one variable leaves at most two possible values). Khot raised the question of whether an NP-hardness result can still hold with such restricted constraints. In particular it was later shown in [KR03] , that a construction as hinted above, but starting from Khot's conjectured "unique-games" PCP system, will establish an optimal hardness factor of 2 − ǫ for Minimum Vertex Cover, utilizing techniques presented herein.
Let us note that our result also implies, by direct reduction [Aro, Tre] , a hardness of approximation of (1.36) 2 ≈ 1.84 for the 2-CNF clause deletion problem: the problem of finding the minimum weight set of clauses in a 2-CNF formula, whose deletion makes the formula satisfiable. The best approximation algorithm for this problem guarantees only a factor of log n log log n [KPRT97] .
The framework for proving hardness results suggested herein can be tried on other problems for which the known hardness result does not match the best upper-bound. Of these, particularly interesting are the problem of coloring 3-colorable graphs with fewest possible colors, and the problem of approximating the largest cut in a graph.
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A Weighted vs Unweighted
Given a graph G = (V, E, Λ), we construct, for any precision parameter ̺ > 0, an unweighted
|V̺| − IS(G) ≤ ̺, and whose size is polynomial in |G| and 1 ̺ . Let n = |V | · 1 ̺ . We replace each v ∈ V with n v = ⌈n · Λ(v)⌋ copies (⌈x⌋ denotes the integer nearest x), and set Proof: For every C, C ̺ as above,
For any v, |⌈v⌋ − v| ≤ 1 2 , and so
To complete our proof we need to replace 
B Proof of Theorem 2.1
In this section we prove Theorem 2.1 which encapsulates our use of the PCP theorem. PCP characterizations of NP in general state that given some SAT instance, namely, a set of Booleanfunctions Φ = {ϕ 1 , ..., ϕ n } over variables W , it is NP-hard to distinguish between 'yes' instances where there is an assignment A to Φ's variables that satisfies all Φ, and 'no' instances where any assignment to A satisfies at most a small fraction of Φ.
Definition B.1 Denote by Υ(Φ) the maximum, over all assignments to Φ's variables A : W → {0, 1}, of the fraction of ϕ ∈ Φ satisfied by A, namely
The basic PCP theorem showing hardness for gap-SAT states that, Theorem B.1 ([AS98, ALM + 98]) There exists some constant β > 0 such that given a set Φ = {ϕ 1 , .., ϕ n } of 3-CNF clauses over Boolean variables W (each clause is the OR of exactly 3 variables), it is NP-hard to distinguish between the two cases:
Yes: Φ is satisfiable (Υ(Φ) = 1).
Let us first sketch the proof for Theorem 1.5, based on the above Theorem and the Parallelrepetition theorem [Raz98] , and then turn to the consequent proof of Theorem 2.1.
Proof: Given Φ as above, define the parallel repetition version of Φ: For y = (w 1 , .., w k ) and x = (ϕ 1 , .., ϕ k ), denote y ⊑ x if for all i ∈ [k], w i is a variable of ϕ i . The Boolean-functions in Ψ are as follows:
where ψ x→y is T if the assignment to y is the restriction to y of the assignment to x, and F otherwise. Since each test ϕ ∈ Φ has exactly 3 variables, each variable x ∈ X appears in exactly 3 k tests in ψ x→y ∈ Ψ. 
Therefore, one may choose k for which (1 − β) c·k ≤ ǫ/h 3 and
, hence it is NP-hard to distinguish whether Υ(Ψ) = 1 or Υ(Ψ) < ǫ/h 3 . Now we may proceed to proving the following: Theorem 2.1 For any h, ǫ > 0, the problem hIS(r, ǫ, h) is NP-hard, as long as r ≥ ( h ǫ ) c for some constant c.
Proof: By reduction from the above Theorem. Assume Ψ as above, and let us apply the FGLSS Construction [FGL + 96, Kar72] to Ψ, specified next. Let G[Ψ] be the (m, r)-co-partite graph, with m = |X| and r = |R X |,
that is, where G[Ψ]'s vertices is the set of pairs consisting of a variable x in X and a value a ∈ R X for x. For the edge set E of G[Ψ], let us consider all pairs of vertices whose values cannot possibly correspond to the same satisfying assignment: a 1 ), (x 2 , a 2 )} | ∃y, ψ x 1 →y , ψ x 2 →y ∈ Φ, ψ x 1 →y (a 1 ) = ψ x 2 →y (a 2 )} Therefore, an independent set in G[Ψ] cannot correspond to an inconsistent assignment to Φ.
If Ψ is satisfiable, let A : X ∪ Y → {T, F} be a satisfying assignment for it, and observe that the set { (x, A(x)) | x ∈ X} ⊂ V is an independent set of size |X| = m.
Otherwise, let us assume a set of vertices I ⊂ V in G[Ψ] that contains no clique of size h, and such that |I| > ǫ · m, and show that Υ(Ψ) > (A I (x) ) .
The key is that the h-clique freeness implies that for every x ∈ X, |A I (x)| < h and for every y ∈ Y , |A I (y)| < h. Otherwise, if |A I (y)| ≥ h for some y, there are vertices (x 1 , a 1 ) , . . . , (x h , a h ) so that {ψ x i →y (a i )} are distinct hence these vertices form a clique of size h. By the definition of A I , for every x with A I (x) = φ and for every ψ x→y ∈ Ψ, ψ x→y (A I (x)) ∩ A I (y) = φ .
Denote X 0 = { x ∈ X | A I (x) = φ} and observe that since there is an equal number of ψ x→y ∈ Ψ for each variable x:
Finally, by picking for each variable x ∈ X, y ∈ Y a random assignment ∀x ∈ X, y ∈ Y, a x ∈ R A I (x), a y ∈ R A I (y)
If A I (x) = φ, the probability that ψ x→y ∈ Ψ is satisfied by such a random assignment is at least C Some Propositions about µ p Proposition 3.3 For a monotone family of subsets F ⊆ P (n), q > p ⇒ µ q (F) ≥ µ p (F).
Proof: For a subset F ∈ P ([n]) denote Observe that ∀0 ≤ i ≤ n µ p,i,q (F) ≥ µ p,i+1,q (F) therefore µ q (F) = µ p,0,q (F) ≥ µ p,n,q = µ p (F). We next show that for any monotone family F ⊂ P (R), if U ⊂ R is a set of elements of tiny influence, one has to remove only a small fraction of F to make it completely independent of U : Proposition 4.13 Let F ⊂ P (R) be monotone, and let U ⊂ R be such that for all e ∈ U , influence p e (F) < η. Let
A set F ∈ F ′′ contributes at least µ R\U p (F ) · p |U | to the influence of at least one element e ∈ U . Since the sum of influences of elements in U is < |U | · η, we have µ R\U p (F ′′ ) < |U | · η · p −|U | . The proof is complete noting that,
In this section we prove a lemma that is a continuous version and follows directly from the complete intersection theorem of Ahlswede and Khachatrian [AK97] . 
Proof:
Denote µ = max i ( µ p (A i )). Assuming F 0 ⊂ P ([n 0 ]) contradicts the claim, let a = µ p (F 0 ) − µ > 0. Now consider F = F 0 ⊔ P ([n] \ [n 0 ]) for n > n 0 large enough, to be determined later. Clearly, for any n ≥ n 0 , µ k . We will show that since most of F's weight is derived from ∪ k∈S F k , there must be at least one F k that contradicts Theorem 3.7. Indeed,
Hence there exists k ∈ S for which where the first equality follows from a straightforward computation.
We have the following corollary, Corollary 3.8 Let F ⊂ P (R) be 2-intersecting. For any q < p max , µ q (F) ≤ q • .
Proof: Define a sequence p 0 < p 1 < . . ., by p i def = i 2i+1 . We show that these are the points where the maximum switches from A i to A i+1 . More accurately, we show for all i ≥ 0,
This, together with Lemma 1.4, implies the corollary, as p < p max < 0.4 = p 2 implies µ p (F) ≤ max( µ p (A 0 ), µ p (A 1 )) = max(p 2 , 4p 3 − 3p 4 ) 
So we proceed to prove (7). A subset F ∈ A i must intersect [1, 2i + 2] on at most i + 1 elements. If additionally F ∈ A i+1 it must then contain 2i + 3, 2i + 4. Thus,
The sign of this difference is determined by p − (1 − p) We are almost done, except that the above probability was taken with repetitions, while in our case, for v 1 , . . . , v l to constitute a block B ∈ B, they must be l distinct values. In fact, this happens with overwhelming probability and in particular ≥ 
